In this paper, we extend the technique proposed by M. Kumar and Surabhi Tiwari,[ An initial-value technique to solve third-order reaction-diffusion singularly perturbed boundary value problems, International Journal of Computer Mathematics, Vol. 89, pp. 2345-2352 for fourth-order singularly perturbed boundary value problem with a boundary layer at the left of the underlying interval. Using this technique, a fourth-order singularly perturbed boundary value problem is reduced to three initial-value problems and then Runge-kutta fourth-order method is used to solve these problems numerically. This method is effective and easy to implement. Two numerical examples are studied to demonstrate the accuracy of the present method.
Introduction
Singularly perturbed problems arise frequently in applications including geophysical fluid dynamics, oceanic and atmospheric circulation, Chemical reactions, civil engineering, optimal control etc. It is well known that the solution of singularly perturbed boundary value problem has a multiscale character; that is, there are thin transition layers where the solution varies rapidly, while away from the layers the solution behaves regularly and varies slowly. A variety of numerical methods to solve singularly perturbed boundary value problem for ordinary differential equations are available. For a good analytical discussion, one may refer to [4, 15, 19] .It is well known that many methods for solving singular perturbation problems are unstable and fail to give accurate results when the perturbation parameter ε is small. Therefore, it was important to develop suitable numerical methods to these problems, whose accuracy does not depend on the parameter value ε . Aziz and Khan [2] , solved second-order singularly perturbed boundary value problems using cubic spline. Ilicash and Schultz [6] introduced three finite-difference techniques for second-order singularly perturbed linear boundary value problems using convergent tension spline and on uniform tension spline methods Valaramathi and Ramanujam [20] solved singularly perturbed two-point boundary value problems for third-order ordinary differential equations. Shanthi and Ramanujam [18] solved singularly perturbed fourth-order ordinary differential equations of convection-diffusion type using asymptotic numerical methods. In recent years, many researchers in the field of numerical analysis have used the technique of reducing a given second-order singularly perturbed boundary value problem to a system of first-order equations which can then be solved using any known numerical method [1, 3, [7] [8] [9] [10] [11] [12] [13] [14] [16] [17] 21] . Keeping in mind the continuous demand of solutions of singularly perturbed problems, here we develop an efficient method to solve a fourth-order singularly perturbed boundary value problems. The given problem is reduced to a system of unperturbed equations which are then solved by suitable numerical method. In this paper, we have used the Runge-Kutta fourth-order method to solve the system of equations. Two numerical examples are studied to demonstrate the accuracy of the present method. Results obtained by the method are compared with the exact solution.
Initial-value technique
In this section, we develop an efficient numerical algorithm for fourth-order singularly perturbed boundary-value problems along with computer implementation. We consider a linear singularly perturbed boundary-value problem of the following form:
Fourth order singularly perturbed BVP
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where ε is a small positive parameter This assumption merely implies that the boundary layer will be in the neighbourhood of x = a. Since singular perturbation problems exhibit boundary layer behavior of the solution, therefore, suppose that the solution of equations (1)- (5) is given by Differentiating Equation (6) with respect to x, we get
Again differentiating Equation (9) with respect to x, we get Again differentiating Equation (10) with respect to x, we get Again differentiating Equation (11) with respect to x, we get (7), (9) and (12) in Equation (1), we get on both sides of equation (13), we obtain ( ) 
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Again comparing the coefficient of , we obtain
and considering only terms with zeros indices (i.e. restricting the series in equation (13) to their first terms) , Equations (14) and (15) 
The representation (7) and (8) can be inserted into the boundary conditions (2)- (5). Now, the boundary conditions become where we have neglected the exponentially small term 
Therefore, the three initial-value problems (IVPs) corresponding to (1) -(5) are given by (IVP. I) 
Remark 1:
Here it is to be noted that these initial-value problems are independent of perturbation parameter ε and we solve these initial-value problems by Runge-Kutta fourth-order method. 
An existence theorem
We again consider Eq. (1) in the following form: 
ε . The precise result is given in the following theorem: 
Numerical Examples
To demonstrate the applicability of the method, we will discuss two linear examples. We have used the Runge-Kutta fourth-order method to numerically solve the reduced set of equations in each case. These examples have been chosen because they have been discussed widely in the literature and approximate solutions are available for comparison. 
Fourth order singularly perturbed BVP
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The computational results are presented in Tables 1 for   9 6 10 , 10 Table 1 Numerical results of Example 4.1 with . 10 , 10 , 10
Absolute error on 
The exact solution is given by The computational results are presented in Tables 2 for   9   6 10 , 10 
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Error analysis
In order to check the validity of the procedure described above, we truncate the resulting expansion given by Equation (7) ) (x t is given by Equation (8) . From Equation (8) and (25), the boundary relations are found to be ) Similarly, using equations (8), (14), (15) and (25), we find for 
is now found to satisfy the boundary conditions 
Conclusions
In this paper, an Initial-value technique is used to solve fourth-order singularly perturbed boundary value problems when the parameter ε is very small. The process of reducing a fourth-order singularly perturbed problem into a system of approximate unperturbed problems, which consists of first-order and third-order ordinary differential equation, reduces the complexity of the original problem. It is evident from the numerical examples that the method proposed in this paper gives better agreement with the exact and approximate values.
